Abstract-The algebra of truth values of type-2 fuzzy sets contains isomorphic copies of the algebra of truth values of type-1 fuzzy sets and the algebra of truth values of interval-valued fuzzy sets. The algebra of truth values of type-2 fuzzy sets is not a lattice, but these subalgebras are lattices, and in fact, are complete lattices. There are many other subalgebras that are lattices, for example, the subalgebra of convex normal elements. This paper examines several subalgebras which are lattices, with the goal of determining whether or not they are complete.'
I. INTRODUCTION
Type-2 fuzzy sets that is, fuzzy sets with fuzzy sets as truth values were introduced by Zadeh Determining the properties of the algebra M is a bit tedious, but is helped by introducing the following auxiliary operations. jharding 0nmsu.edu, hardy onmsu.edu, elbert onmsu.edu
The functions fL and fR are the left cover and right cover of f, respectively.
Note that fL is monotone increasing and that fR is monotone decreasing, and these are the pointwise smallest such functions above f. With this definition, the operations LH and H in M can be expressed in terms of the pointwise max and min of functions, as follows.
Theorem 3:
The following hold for all f, g C M.
Using these auxiliary operations, it is fairly routine to verify the following basic properties of the algebra M. The details may be found in [8] . show. But if one of them holds, then so does the other, by item 5 above. It should also be observed that H does not distribute over LH, and LH does not distribute over H. See [5] , [6] , [7] , [8] for more information about the algebra M of fuzzy truth values.
In applications of type-2 fuzzy sets, the full algebra M is seldom used, but rather certain subalgebras of M that satisfy useful algebraic properties. One useful property, when working with ordered algebras, is for every bounded subset to have a least upper bound and a greatest lower bound. This is a fundamentally important property of the real numbers, for example, and it is important to know if a truth value algebra that is being employed in an application does or does not have this property. In this paper, we look at three subalgebras of M and show that they are indeed complete, and give a description of the least upper bounds in each case.
II. SUBLATTICES AND PARTIAL ORDERS
The algebra M has two partial orders, namely those induced by LH and by H.
Definition 5: Let f, g C M. Then f c g if fg =f f -C g if f L g = g Both c and -C are partial orders. Under c, any two elements f and g have a greatest lower bound, and that greatest lower bound is f H g. Under --, any two elements f and g have a least upper bound, and that least upper bound is f LH g.
These two partial orders are not the same. For example, f 11 for any f e M, but it is not true that f -C 1i for any f GM.
Definition 6: A subalgebra of an algebra is a subset of the algebra that is closed under the operations of the containing algebra.
When we say that A is a subalgebra of M, we mean that A is a subset of M that is closed under the operations LH,n, Since K and -'q are partial orders, it also follows that A is a bounded lattice if and only if the absorption laws f = fLl (f H g) and f = f H (ffLl g) hold. In any case, if the condition of the theorem holds, we say that A is a sublattice.
Our principal concern is determining whether or not certain sublattices of M are complete. A lattice A is complete if every family {f i: i C I} of elements of A has a least upper bound in A and a greatest lower bound in A. It is sufficient to show that only one of these properties holds because the other is a consequence, and we will only consider least upper bounds. It should be noted that a sublattice can be complete without completions of subsets in the sublattice being the same as completions of these subsets in the containing lattice. In this case, we say the sublattice is not a complete sublattice, even though it is complete in its own right. Examples are easy to construct.
III. SUBALGEBRAS OF M
For a subset of [0, 1], let IA be its characteristic function. That is, for x C [0, 1], 1A(X) = 1 if x C A and 0 otherwise.
For singletons a, we write la for Ifal. Thus M contains an isomorphic copy of the truth value algebra of type-I fuzzy sets. Since li is a lattice and is complete, then $ is a sublattice of M that is complete as a lattice.
For interval-valued fuzzy sets, the algebra of truth values is
and the nullary operations (0, 0) and (1, 1) [1] .
The set of such elements of M is denoted ID. Proposition 10: BD is a subalgebra of M and the mapping (a, b) -> (la)L A (lb)R is a isomorphism from the algebra 1 [2] of truth values of interval-valued fuzzy sets to the algebra ID.
Thus M contains an isomorphic copy of the truth value algebra of interval-valued fuzzy sets. Since E [2] is a lattice and is complete, then BD is a sublattice of M that is complete as a lattice. A equivalent condition for f being convex is that f = fL A fR. The convex functions form a subalgebra C of M. This subalgebra is not a lattice since it too does not satisfy the absorption laws. It is distributive. That is,
In this section, we define various subalgebras of M, with the goal of determining whether or not they are complete lattices.
Theorem 13: The subalgebra L = nN of functions that are both normal and convex is a De Morgan algebra. That is, it is a bounded distributive lattice that satisfies the De Morgan laws [5] , [6] , [7] , [8] .
It is this lattice L and closely related ones that we are most concerned with. In L, the binary operations of the algebra can be computed as Corollary 20: u n N c Ni.
Corollary 21: The subalgebra IL OnL is a subalgebra of 1l, and is a sublattice.
The lattice IL n L will be denoted by LX,. The three sublattices LX, c L, c L are the ones we wish to show are complete as lattices.
IV. THE LATTICE OF CONVEX, NORMAL FUNCTIONS
In this section, we describe the join in L of an arbitrary set of functions in L. First, we establish some notation that will be used both in this and in subsequent sections. Proof: Because bf < bs we have 1 = f (bf) < fL (bs) for all f e S. For y < bs, there is an g e S with y < bg < bs. Thus gR (y) > gR (bg) = 1. Thus for every y < bs, Vf SfR (y)= 1, implying that infy<bS (Vfes fR ()) 1. A similar theorem is cited in [4] , where the main focus is on t-norms.
VII. COMMENTS
We have shown that three type-2 lattices normal, convex functions; strictly normal, convex functions; and upper semicontinuous normal, convex functions are complete lattices.
The completions differ in each of the three cases. With J.s and bs as defined in Equations (3) where J)1 is the upper semicontinuous closure of )R.
Our next investigation has been to ask whether these lattices are continuous [2] . We have found examples to show that the first two lattices, L and 1, are not continuous lattices, and are in the process of looking at this question for LX, [3] . If the lattice LX, is continuous, this may lead to some interesting applications.
